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Abstract
Based upon a first principle, the generalized gauge principle, we construct a general
model with GL×G′R×Z2 gauge symmetry, where Z2 = π4(GL) is the fourth homotopy
group of the gauge group GL, by means of the non-commutative differential geometry
and reformulate the Weinberg-Salam model and the standard model with the Higgs field
being a gauge field on the fourth homotopy group of their gauge groups. We show that in
this approach not only the Higgs field is automatically introduced on the equal footing
with ordinary Yang-Mills gauge potentials and there are no extra constraints among
the parameters at the tree level but also it most importantly is stable against quantum
correlation.
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1 Introduction
Unlike Yang-Mills gauge fields, Higgs fields and Yukawa couplings seem to be artificial
although they play a very important role in modern QFT. Eventually, the price paid
for them is the beauty of the gauge principle. How to regain the beauty of the gauge
principle is one of the most intriguing problems in modern QFT.
Recently, we have generalized the ordinary Yang-Mills gauge theory in order to take
both Lie groups and discrete groups as gauge groups [1,2] and completed an approach to
this generalized gauge theory coupled to the fermions in the spirit of non-commutative
geometry [4, 5]. We have shown that Higgs fields are such gauge fields with respect to
discrete gauge symmetry over 4-dimensional space-time M4 and the Yukawa couplings
between Higgs and fermions may automatically be introduced via generalized covariant
derivatives. In this approach, Higgs appears as discrete fields on the equal footing with
ordinary Yang-Mills fields over spacetime M4. In other wards, the beauty of the gauge
principle may be regained. Of course, how to understand the physical meaning of
the discrete group to be gauged is a most crucial point in this approach. On the
other hand, like other approaches [6-11] based upon the non-commutative differential
geometry do not survive the standard quantum correlation [12], the approach in [1,2]
may also be unstable against the standard quantum correlation unless there is certain
special mechanism to guarantee its stability.
In the letter [3], we have presented an SU(2) generalized gauge field model with the
Higgs mechanism and shown that it is able to get rid of all those problems based upon a
first principle, the generalized gauge principle. The key point is that we have taken into
account the fourth homotopy group of SU(2) as a discrete gauge group on the footing
with the Yang-Mills gauge group SU(2). It is well known that the fourth homotopy
group of SU(2) is non-trivial, π4(SU(2)) = Z2 [13], i.e. the gauge transformations
of SU(2) may be divided into two different equivalence classes. Once the Yang-Mills
fields for the gauge group SU(2) is introduced, the role played by its fourth homotopy
group must be taken into account. In view of the generalized Yang-Mills gauge theory
[1] based upon the non-commutative differential geometry, we should also introduce
the generalized gauge field with respect to this internal discrete group π4(SU(2)) due
to the fact that the gauge transformations depend on its elements. Although there
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are several remarkable advantages in this model [3], but it is not phenomenologically
realistic.
In this paper, we generalize the model presented in [3] to the realistic cases, such as
the Weinberg-Salam model and the standard model. We show that the most respon-
sible internal discrete symmetry for the Higgs, say, in the standard model is the forth
homotopy group of the gauge groups, i.e. π4(SU(3)×SU(2)×U(1)) = π4(SU(2)) = Z2.
Similar to the model given in [3], there are several remarkable advantages in this ap-
proach. Firstly, it is a most natural choice of the discrete group for the Higgs and
secondly it indicates that why the Higgs in the standard model is an SU(2) doublet
and SU(3) singlet. Most importantly, it is stable against quantum correlation. We will
discuss these issues at the end of this paper.
In what follows, we first construct a general model with GL × G′R × Z2 gauge
symmetry, where Z2 is the fourth homotopy group of the gauge group GL × G′R, i.e.
π4(GL ×G′R), because we pay our attention on the case of π4(G′R) = 0, then π4(GL ×
G′R) = π4(GL). By means of the generalized gauge theory formulation [1] in the
section 2. We also show that the Higgs mechanism is automatically included on the
equal footing with ordinary Yang-Mills gauge fields and there are no extra constraints
at the tree level among the coupling constants and mass parameters under suitable
normalization. In the section 3, we reformulate the Weinberg-Salam model with Higgs
being taken as the discrete gauge field on π4((SU(2) × U(1)) = Z2. Then we deal
with the standard model in the section 4. Finally, we end with some discussions and
remarks. In the Appendix, we briefly introduce the non-commutative calculus on the
discrete groups and show the Higgs fields is the gauge potentials with respect to the
discrete gauge groups, while the Higgs potential may be given by a Lagrangian of the
Yang-Mills type.
2 A model with GL ×G′R × Z2-gauge symmetry
Let us first construct a model of the GL×G′R×Z2-gauge symmetry, where π4(G′R) = 0
and Z2 is taken to be the fourth homotopy group of the gauge group GL, i.e. π4(GL) =
Z2, an intrinsic internal discrete group of the model. Namely, the gauge transformations
of GL may be divided into two different equivalence classes. Consequently, All leptons
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ψ(x, h), h ∈ Z2, Yang-Mills gauge potentials Aµ(x, h) of the gauge group GL × G′R
and Higgs Φ(x, h) with respect to the discrete gauge group π4(GL) = Z2 included in
this model of the generalized Yang-Mills type should be divided with respect to two
elements of π4(GL) = Z2. The construction of the model is based upon the generalized
Yang-Mills gauge theory by means of the non-commutative differential geometry. It
combines both the Yang-Mills gauge potentials and the Higgs as a kind of generalized
Yang-Mills gauge potentials. For the details of this formalism, it is referred to [1] and
some relevant notions are briefly introduced in the Appendix.
Let us regard those fields as elements of function space onM4 as well as onGL×G′R×
Z2 and assign them into two sectors according to two elements of π4(GL) = Z2 = {e, r}.
The π4(GL) = Z2 symmetry requires that
Lµ(x, r) = ULµ(x, e)U
−1 − i
g
U∂µU
−1,
where U(x) is a topologically nontrivial gauge transformation. Correspondingly, the
left handed fermions should also be set down at these two elements noted as Le and
Lr respectively. Namely, there is a Z2 symmetry between L
e and Lr:
ψ(x, r) = ψ(x)U = Rrψ(x, e) = U(x)ψ, ψ(x, e) = ψ(x) = Rrψ(x, r) = U
−1ψ(x)U
As for the right handed fermions, we may take Rr = Re = R. Therefor, we have
ψ(x, e) = ψ(x) =
(
L
R
)
; ψ(x, r) = ψr(x) =
(
Lr
R
)
Aµ(x, e) = Aµ(x) =
(
Lµ 0
0 Rµ
)
; Aµ(x, r) = A
r
µ(x) =
(
Lrµ 0
0 Rµ
)
Φ(x, e) = Φ(x) =
(
µ
λ
−φ
−φr† µ
λ
)
; Φ(x, r) = Φr(x).
(2.1)
with the properties
Lr = UL, φr = Uφ, UU † = 1,
U is a non-trivial gauge transformation of GL. In (2.1), L (R) is the left (right) handed
fermion, Lµ (Rµ) the gauge potential valued on the Lie algebra of the gauge group
GL (G
′
R), µ and λ two constants.
From the assignments (2.1), it is easy to see that the field contents of the model
is of Z2 symmetry and the Higgs in such a model may be regarded as the gauge field
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with respect to the gauged Z2. However, it should be mentioned that the assignments
(2.1) not only assign the fields to the elements of Z2 but also imply that all fields are
arranged into certain matrices. In fact, this aspect of the arrangements is nothing to
do with discrete gauge symmetry but for convenience in the forthcoming calculation.
Of course, it must be kept in mind that this is a working hypothesis and sometimes
one should avoid certain extra constraints coming from this working hypothesis.
From the general framework in [1], it follows the generalized connection one-form
A(x, h) = Aµ(x, h)dx
µ +
λ
µ
Φ(x, h)χ, h ∈ Z2, (2.2)
where χ denotes χr in the Appendix, and the generalized curvature two-form
F (h) = dA(h) + A(h)⊗A(h)
= 1
2
Fµν(h)dx
µ ∧ dxν + λ
µ
Fµr(h)dx
µ ⊗ χ+ λ2
µ2
Frr(h)χ⊗ χ.
(2.3)
Using the above assignments, we get
F (x, e) = F r(x, r)
= 1
2
(
Lµν 0
0 Rµν
)
dxµ ∧ dxν + λ
µ
(
0 −Dµφ
−(Dµφ†)r 0
)
dxµ ⊗ χ
+λ
2
µ2
(
φφ† − µ2
λ2
0
0 φr†φr − µ2
λ2
)
χ⊗ χ;
(2.4)
where
Dµφ = ∂µφ+ Lµφ− φRµ. (2.5)
Having these building blocks, we may introduce the generalized gauge invariant
Lagrangian with respect to each element of π4(GL) = Z2, then take the Haar integral
of them over Z2 to get the entire Lagrangian of the model. Under certain consideration
on the normalization in the Lagrangian, we may get a Lagrangian without any extra
constraints among the coupling constants and the mass parameters at the tree level.
For the Lagrangian of the bosonic sector with respect to each element of Z2, we
have
LYM−H(x, e) = LrYM−H(x, r)
= − 1
4NL
TrL(LµνL
µν)− 1
4NR
TrR(RµνR
µν)
+ 2
N
η λ
2
µ2
Tr(Dµφ(x))(D
µφ(x))†
− 2
N
η2 λ
4
µ4
Tr(φ(x)φ(x)† − µ2
λ2
)2 + const;
(2.6)
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where NL, NR and N are normalization constants introduced here to avoid some extra
constraints from the matrix arrangement in (2.1), η is a metric parameter defined by
η =< χ, χ >, Dim(η) = µ2. Here we suppose both GL and G
′
R be semi-simple.
Eventually, this is not necessary. For example, in the case of the Weinberg-Salam
model and the standard model, GL is SU(2)L × U(1)Y and SU(3)c × SU(2)L ×U(1)Y
respectively. In those cases, we must change the way of taking normalization in order
to avoid some extra constraints from the matrix arrangement (2.1).
For the fermionic sector, the Lagrangian with respect to each element of Z2 may
also be given as follows:
LF (x, e) = LrF (x, r)
= iLγµ(∂µ + Lµ)L+ iRγ
µ(∂µ +Rµ)R + λ(LφR +Rφ
†L).
(2.7)
It is easy to get the entire Lagrangian for the model:
L(x) = 1
2
∑
h=e,r
{LF (x, h) + LYM−H(x, h)}. (2.8)
It is easy to see that first this is a Lagrangian with the Higgs mechanism of sponta-
neously symmetry breaking type included automatically which will be studied in detail
in the forthcoming sections and secondly there do not exist any extra constraints among
the coupling constants and mass parameters which is different from other approaches
[6-11].
3 The Weinberg-Salam Model
It is well known that the fourth homotopy group of the gauge groupGL in the Weinberg-
Salam model is π4(SU(2)L × U(1)Y ) = π4(SU(2)L) = Z2. As was mentioned before,
once the Yang-Mills fields for the gauge groups SU(2)L × U(1)Y are introduced, the
role played by their fourth homotopy group must be taken into account. In view of the
generalized Yang-Mills gauge theory [1] based upon the non-commutative differential
geometry, we should also introduce the (generalized) gauge field with respect to this
internal discrete group Z2 as well.
Now let the elements of π4(SU(2)L×U(1)Y ) = Z2 be {Ue, Ur} where Ue represents
the first topologically trivial equivalence class of the gauge transformations and Ur the
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second class which is topologically non-trivial. We may first assign the SU(2)L×U(1)Y
gauge fields into two sectors with respect to these two elements as what we have
done in the last section and make use of the formulation in the last section. where
U(x, e) = V (x) ∈ Ue, U(x, r) = U(x)V (x)U−1(x) ∈ Ue. The bosonic part of the
Lagrangian may also be given.
To be concrete and for the sake of simplicity, let us consider the Weinberg-Salam
model with one family of leptons only and assign leptons, Yang-Mills gauge potentials
and Higgs into two sectors according to two elements of the group π4(SUL(2)×UY (1)) =
Z2 as follows:
ψ(x, e) =
(
L
R
)
; ψ(x, r) =
(
LU
R
)
;
Aµ(x, e) =
(
Lµ 0
0 Rµ
)
; Aµ(x, r) =
(
LUµ 0
0 Rµ
)
;
Φ(x, e) = Φ†(x, r) =
(
µ
λ
−φ
−φU † µ
λ
)
;
(3.1)
where L and φ are SU(2) doublets, R an SU(2) singlet and
L(x) =
(
νl
l
)
, R(x) = lR; φ(x) =
(
φ+
φ0
)
;
Lµ = −ig τi2W iµ + ig
′
2
Bµ, L
U
µ (x, r) = ULµ(x, e)U
−1 − i
g
U∂µU
−1, Rµ = ig′Bµ.
Thus
Lµν = −ig τi2W iµν + ig
′
2
Bµν ; Rµν = ig
′Bµν
Dµφ = (∂µ − ig τi2W iµ − ig
′
2
Bµ)φ.
(3.2)
From the general model we have set up in the last section, we may directly get the
Lagrangian. For the Yang-Mills gauge bosons and the Higgs in the Weinberg-Salam
model, we have
LYM−H(x) = − 14NL
g2
2
W iµνW
iµν − 1
4NY
3g′2
2
BµνB
µν
+ 2
N
(η λ
2
µ2
Tr(Dµφ(x))(D
µφ(x))†
− 2
N
η2 λ
4
µ4
(Trφ(x)φ(x)† − µ2
λ2
)2),
(3.3)
where NL, NY and N are the normalization constants with respect to SU(2)L, U(1)Y
and the Higgs sector. The normalization of the coefficients of each term results
NL =
g2
2
, NY =
3g′2
2
, N = 2
λ2
µ2
η. (3.4)
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It should be point out that the normalization have been taken here is different from the
one in the last section since the gauge group GL = SUL(2)×UY (1) is not semi-simple.
Similarly, we may get the Lagrangian for leptons LF (x) as follows:
LF (x) = −iL(x)γµ(∂µ + ig τi2W iµ − ig
′
2
Bµ)L
− iR(x)γµ(∂µ − ig′Bµ)R
− λ(L(x)φ(x)R(x) +R(x)φ(x)†L(x)).
(3.5)
Thus, the entire Lagrangian for the Weinberg-Salam model reads
L(x) = LF (x) + LYM−H(x). (3.6)
It is easy to see that the Higgs potential takes its minimum value at Tr(φφ†) = (µ
λ
)2
and the continuous gauge symmetry will spontaneously be broken down when the
vacuum expectation value (VEV) is taken as
< φ >=

 0
ρ0√
2

 , (3.7)
where ρ0 =
√
2µ
λ
. Now we take the VEV of φ and introduce a new field η(x) as the
Higgs field in the model
φ =

 0
ρ0+ρ(x)√
2

 , (3.8)
as well as the photon and Z boson via W bosons and the Weinberg angle
Aµ = BµcosθW +W
3
µsinθW
Zµ = BµsinθW −W 3µcosθW
g sin θW = g
′ cos θW =
gg′√
g2+g′2
= e,
(3.9)
where e is the charge of the positron. Using these definitions, we get
sin2θW =
g′2
g2 + g′2
{= NY
3NL +NY
}. (3.10)
And we have
Tr{Dµφ(Dµφ)† − η λ2µ2 (φφ† − µ
2
λ2
)2}
= 1
2
∂µρ∂
µρ+ g
2
4
(ρ0 + ρ)
2W−µ W
+
µ +
1
8
(g2 + g′2)(ρ0 + ρ)2ZµZµ
− η λ2
µ2
ρ2(ρ20 + ρ0ρ+
ρ2
4
) + const.
(3.11)
It is easy to see that only Aµ and νl remain massless while fermion l together with W
±
and Z become massive and following mass relations hold at the tree level:
Mfermion = µ, MW =
1
2
gρ0,
MZ =
1
2
√
g2 + g′2ρ0 = MW/ cos θw,
MHiggs = 2
√
η.
(3.12)
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It is easy to see that all these relations at the tree level are the same as the ones
for the Weinberg-Salam model except the last one for the Higgs mass but different
from what is given in [6]. The reason is that we have introduced two independent
normalization constants NL, NY and N in order to avoid some extra constraints from
the matrix arrangement (1). In fact, if we would take NL = NY we could get the
same constraint for the Weinberg angle in [6]. In other wards, as was mentioned in
[1] the constraints in [6] are not essential but completely dependent on the working
hypothesis. As for the Higgs mass given here at the tree level, it depends on the metric
parameter η. If we let it free of choice, there is no constraint for the Higgs mass at all.
4 Standard Model for Electroweak-Strong Inter-
action
We now turn to the standard model for the electroweak-strong interactions. This should
be more realistic from both conceptual and phenomenological points of view. We take
into account the colour degree of freedom together with the weak isospin and the weak
hypercharge degrees of freedom for both leptons and quarks in three families. Similar
to what we have done in the last section, we first introduce the gauge fields of the
Yang-Mills gauge groups SU(2)L×U(1)Y ×SU(3)c and assign them into two elements
of π4(SU(2)L × U(1)Y × SU(3)c) = Z2 symmetry respectively. Such assignments for
the fermions and the Higgs will be given according to their couplings to the Yang-Mills
gauge fields as well.
The assignment for the fermions with respect to π4(SU(2)L × U(1)Y × SU(3)c) =
Z2 = {e, r} may be taken as follows:
ψ(x, e) =
(
L
R
)
, ψ(x, r) =
(
LU
R
)
, (4.1)
with LU = UL =
(
U ⊗ I3 ⊗ Ic3
U × I3
)
L, U the topologically non-trivial gauge
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transformation of SU(2)L and
L =


uc
...
bc
νe
...
τ


GFC
L
, R =


uc
...
bc
e
µ
τ


R
. (4.2)
Here superscript c stands for the colour degree of freedom. Taking into account all
strong and electroweak interactions among leptons and quarks according to (4.2), we
assign the gauge fields as follows:
Aµ(x, e) =
(
Lµ 0
0 Rµ
)
, Aµ(x, r) =
(
LUµ 0
0 Rµ
)
,
where
Lµ = −


ig
2
τ Ii W
i
µ ⊗ IG3 ⊗ IC3
ig
2
τ Ii W
i
µ ⊗ IG3


−igBµ
(
1
6
I2 ⊗ IG3 ⊗ IC3
−1
2
I2 ⊗ IG3
)
−

 I2 ⊗ IG3 ⊗ ig22 GiµλCi
0

 ,
LUµ = ULµU−1 + U∂µU−1
Rµ = −ig1Bµ


(
2
3
−1
3
)
⊗ IG3 ⊗ IC3
−IG3

−

 I2 ⊗ IG3 ⊗ ig22 GiµλCi
0

 ,
(4.3)
where Giµ, i = 1, · · · , 8, are gluons, λi 3 × 3 Gell-Mann matrices, and In n × n unit
matrices. For the Higgs field, we take it as before
Φ(x, e) = Φ†(x, r) =
(
0 Φ(x)
(UΦ(x))† 0
)
. (4.4)
But, Φ(x) field being gauge field with respect to Z2-symmetry is more complicated:
Φ(x) =


(
φ0∗ φ+
−φ+∗ φ0
)
⊗ IG3 ⊗ IC3
(
φ†
φ0
)
⊗ IG3

 ·


λU ⊗ IC3
λD ⊗ IC3
λL

 .
Here the blocks in the last matrix are 3× 3 matrices in the space of generation, λU , λD
the matrices for quarks and λL the matrices for leptons. These matrices play the role
of the Yukawa coupling constants.
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Now we may write down the generalized connection one-form including both ordi-
nary Yang-Mills potentials and the Higgs field on the equal footing and the generalized
curvature two-form. Especially, the components Fµr of the generalized field strength
are the ordinary covariant derivative of the Higgs field as before:
DµΦ = ∂µΦ+ LµΦ− ΦRµ
Making use of the model in the section 2, we may get the Lagrangian as long as
the normalization is suitably taken. The bosonic part of the entire gauge invariant
Lagrangian, by some straightforward calculation, is
LYM−H = − 1N < F, F >
= − 1
4NL
6g2W iµνW iµν − 1
4NY
10g21BµνB
µν − 1
4Nc
6g22G
i
µνG
iµν
+ 1
N
{2η σ′1
µ2
(Dµπ)
†Dµπ − 2η2 σ′2
µ4
(π†π − σ1
σ2
µ2)2},
(4.5)
where NL, NY , Nc and N are normalization constants with respect to gauge fields W,
B, G and the Higgs sector respectively, the field π is introduced as π =
(
φ†
φ0
)
, and
σ1 = Tr


λUλU
† ⊗ IC3
λDλD
† ⊗ IC3
λLλL
†

 ,
σ2 = Tr


λUλU
† ⊗ IC3
λDλD
† ⊗ IC3
λLλL
†


2
.
(4.6)
The normalization of the coefficients of the terms in the entire Lagrangian leads to that
NL = 6g
2, NY = 10g
2
1, Nc = 6g
2
2, N = 2
σ1
µ2
η. (4.7)
This gives rise to the following form for the Yang-Mills-Higgs Lagrangian
LYM−H = −14W iµνW iµν − 14BµνBµν − 14GiµνGiµν
+(Dµπ)
†Dµπ − η
µ2
σ2
σ1
(π†π − σ1
σ2
µ2)2.
(4.8)
It is obviously that together with the Lagrangian of the usual gauge fields the kinetic
energy of Higgs field and the interaction between Higgs field and the usual gauge fields
are all included here.
It is easy to see that when π field takes value
|π| =
√
σ1
σ2
µ, (4.9)
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the Higgs potential is at its minimum. If we set the vacuum expectation value as
< π >=

 0
ρ0√
2

 , v =
√
2σ1
σ2
µ, (4.10)
the continuous gauge symmetry is broken down. Introducing a field ρ(x)
π =
(
0
ρ0+ρ(x)√
2
)
, (4.11)
and the photon A as well as the boson Z
Aµ = sin θwW
3
µ + cos θwBµ,
Zµ = cos θwW
3
µ − sin θwBµ,
(4.12)
where
g sin θw = g
′ cos θw =
gg′√
g2 + g′2
= e, (4.13)
we may get spontaneous symmetry breaking version of (4.8).
For the fermions, we can also write down the Lagrangian in a way similar to what
we have done for the model of leptons in the last subsection:
LF (x) =
∑
i
qiiγ
µDµqi +
∑
i
liiγ
µDµli
−

(e¯R µ¯R τ¯R) λL

 eLµL
τL

+ (u¯cR c¯cR t¯cR)λU ⊗ I3

 u
c
L
ccL
tcL


+
(
d¯cR s¯
c
R b¯
c
R
)
λD ⊗ I3


dcL
scL
bcL

+ h.c.

 ρ0√2(1 + ρρ0 )
(4.14)
As is well known, both λL and λU may be diagnolized as
λL =

 λe λµ
λτ

 , λU =

 λu λc
λt


while λD may be written as
λD = V


λd
λs
λb

V †, (4.15)
where V is the Kobayashi-Maskawa matrix.
Since the mass of top quark is much heavier than other fermions, i.e. mt ≫ mi,
where mi is the mass for the fermion i except t, we have
σ2
σ21
=
1
3
,
σ1
σ2
=
1
λ2t
, ǫ =
√
η
µ2
(4.16)
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where λt is the coupling constant corresponding to the top quark. Then the Lagrangian
for the generalized gauge fields can be rewritten as
LYM−H = −14W iµνW iµν − 14BµνBµν − 14GiµνGiµν
+(Dµπ)
†Dµπ − η λ2t
µ2
(π†π − µ2
λ2
t
)2.
(4.17)
Consequently, when π field takes value |π| = µ
λt
, the Higgs potential is at its minimum.
If we set
< π >=
(
0
ρ0√
2
)
, ρ0 =
√
2
λt
µ
the symmetry SU(2)L × U(1)Y will spontaneously be broken down. Introducing new
field ρ to replace the field π in eq.(4.17), just as we have done in the last section, and
adding the fermionic part through generalized covariant derivative, we get the final
expression of the entire Lagrangian as follows
L(x) = LF (x) + LYM−H(x)
=
∑
i
qiiγ
µDµqi +
∑
i
liiγ
µDµli
−

(e¯R µ¯R τ¯R)


me
mµ
mτ




eL
µL
τL

+ (u¯cR c¯cR t¯cR)


mu
mc
mt

⊗ Ic3


ucL
ccL
tcL


+
(
d¯cR s¯
c
R b¯
c
R
)
V


md
ms
mb

 V † ⊗ Ic3


dcL
scL
bcL

+ h.c.

 (1 + ρρ0 )
−1
2
W †µνW
µν − 1
4
ZµνZ
µν − 1
4
AµνA
µν
+1
2
∂µρ∂
µρ+ g
2
4
(ρ0 + ρ)
2W−W+ + g
2
8cos θw
2 (ρ0 + ρ)
2ZµZ
µ
− η
µ2
σ2
σ1
(ρ20ρ
2 + ρ0ρ
3 + ρ
4
4
)
.
(4.18)
It is easy to see that neutrinos, photon and gluons remain massless while other
particles become massive. And we can also get the following mass relations,
mW =
1
2
gρ0
mZ =
mW
cos θw
mHiggs ≈ 2√η
mt ≈ µ
. (4.19)
Similar to the last section, it is easy to see that all these relations at the tree level
are the same as the ones for the standard model except that for the Higgs mass. The
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Higgs mass given here also depends on the metric parameter η. If we let it free of
choice, there is no constraint for it at all. Otherwise, if we would take
η = µ2 (4.20)
we could get
MH = 2mt. (4.21)
However, there is no profound reason to do so.
5 Concluding Remarks
Now we summarize what we have done as follows:
We have first constructed a general model with GL × G′R × Z2 gauge symmetry,
where Z2 is π4(GL), by means of the generalized gauge theory on both Lie groups and
discrete groups. We have shown that the Higgs mechanism is automatically included in
the generalized gauge theory and there are no constraints among the parameters at the
tree level in this model. Then we have reformulated the Weinberg-Salam model and
the standard model with the Higgs field being a gauge field with respect to the fourth
homotopy group of the gauge groups, i.e. π4(SU(3)×SU(2)×U(1)) = π4(SU(2)) = Z2.
It is worthy to point out that there are several advantages in this approach as
was mentioned at the introduction of this paper. First of all, this π4(SU(2)) = Z2
symmetry is a most natural internal symmetry to be gauged in these models in the
sense of non-commutative differential calculus on the function space on M4 as well as
on GL×G′R×π4(GL×G′R) = Z2. In fact, for these models, the fourth homotopy group
of the gauge groups is already there and it should play certain role in the gauge theory.
What we have done here is just to combine the ordinary Yang-Mills gauge theory
with the non-commutative differential calculus in the function space on this discrete
group to formulate a generalized gauge theory with Higgs and spontaneously symmetry
breaking. In other wards, the Higgs mechanism should be introduced automatically
at same footing with the ordinary Yang-Mills gauge field theory, if the role played by
the fourth homotopy group of the gauge groups would be taken into account at very
beginning.
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Secondly, it is also interesting to see that the mystery of the Higgs pattern in the
standard model may be understood better. In fact, that π4(SU(3)) = 0, π4(U(1)) =
0 and π4(SU(2)) = Z2 indicates that Higgs should play certain role for the SU(2)
gauge field and nothing to do for the SU(3) gauge symmetry. Taking into account the
properties of the fermions the Higgs in the standard model should be an SU(2) doublet
and SU(3) singlet.
Finally, it is remarkable that the approach presented here with the fourth homotopy
group of the gauge groups being the discrete gauge group is stable against quantum
correlation. This is due to the following reasons. Firstly, there are no constraints
among the parameters at the tree level so that we do not need to pay attention to
them in the course of quantization and renormalization. Secondly, since the Higgs
potential is automatically introduced in the generalized gauge theory, the SU(2) gauge
symmetry should be spontaneously broken down. Therefore, this Z2 symmetry, the
fourth homotopy group of the gauge symmetry in those models is also broken down
as well. Consequently, what we got is, say, the same version as the ordinary standard
model and we of course do not need to concern about this Z2-gauge symmetry when we
consider the quantum correlation of the model. Needless to say, this is a very important
point different from other approaches to the Higgs by means of the non-commutative
differential geometry. In fact, Connes like approaches [6-10] do not survive the quantum
correlation [11].
In conclusion, the Higgs mechanism may be a part of a generalized Yang-Mills
gauge theory as long as a global aspect, the fourth homotopy group, of the gauge
group is taken into account in the sense of the non-commutative differential geometry.
For the standard model the most natural and meaningful discrete symmetry on which
the Higgs is a generalized gauge fields is just the fourth homotopy group of the gauge
groups.
It is clear that the model presented in the section 2 may be generalized to the case
of π4(GL×G′R) = Z2×Z2 and it may be applied to the left-right symmetric model. On
the other hand, since the fourth homotopy group of SU(5)/(SU(3) × SU(2) × U(1))
is also non-trivial, it may play certain role in the SU(5)-GUT together with the fourth
homotopy group of SU(3)×SU(2)×U(1). And all models of these kind may have the
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same advantages as the approach presented in this paper. Especially, all of them may
be stable against quantum correlation. As for other discrete symmetries such as CPT
and so on, they may play other roles such as CP violation and so on. We will study
these issues elsewhere.
6 Appendix
Differential Calculus on Discrete Group G
In this appendix, we briefly introduce some notions in the non-commutative differential
calculus on the function space on discrete groups and show the Higgs may be regarded
as the (generalized) gauge potential on the gauged discrete group. For the details, it
is referred to Sitarz in [5] and our papers [1].
Let G be discrete group of size NG, its elements are {e, g1, g2, · · · , gNG−1}, and A
the algebra of the all complex valued functions on G. In order to construct the first
order differential calculus (Ω1, d), one can give first the definition of its dual space F ,
the vector space on A with basis ∂i, (i = 1, · · · , NG − 1) as follows:
∂g = f −Rgf, g ∈ G′, f ∈ A, (0.1)
where
(Rif)(g) = f(g ⊙ gi) (0.2)
which is nothing but the difference operator on A, and satisfies
∂i∂j =
∑
k
Ckij∂k, C
k
ij = δ
k
i + δ
k
j − δki·j (0.3)
where i, j, · · · , (i · j) denote gi, gj, · · · , (gi · gj) respectively. The basis χi of Ω1 are just
the dual of ∂i,
χi(∂j) = δ
i
j . (0.4)
Then the first order differential calculus (Ω1, d) is given by
df =
NG−1∑
i=1
∂ifχ
i (0.5)
For the differential algebra Ω∗ over A and exterior derivative,
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d : Ωn → Ωn+1 (0.6)
satisfies the nilpotency and the graded Leibniz rule
(i) d2 = 0,
(ii) d(fg) = df · g + (−1)degff · dg, ∀f, g ∈ Ω∗,
(0.7)
could be obtained provided that χi satisfy the following two conditions,
χif = (Rif)χ
i, f ∈ A,
dχi = −∑j,kC ijkχj ⊗ χk, g ∈ G′.
(0.8)
The involution operator ∗ on the differential algebra Ω∗ is well defined if it agrees
with the complex conjugation on A, takes the assumption that (χg)∗ = −χg−1 , and
(graded) commutes with d, i.e. d(ω∗) = (−1)degω(dω)∗. The integral, which remains
invariant under the group action, is introduced as a complex valued linear functional
on A as, ∫
G
f =
1
NG
∑
g∈G
f(g). (0.9)
Let us consider the case that there are Lie group transformations among the ele-
ments of the function space and those transformations also depend on the elements of
the discrete group. Then the derivatives introduced above are no longer covariant. In
order to get meaningful differential calculus in this case, the connection one form is
needed to define the covariant exterior differential:
D = dG + φ, (0.10)
where the connection one form φ may be written as
φ = φgχ
g (0.11)
from which we get the generalized curvature two form
F = A+ A⊗ A =∑
g,h
Fghχ
g ⊗ χh (0.12)
where
Fgh = ∂gφh + φgRgφh − Cghkφk. (0.13)
This formula is simpler in terms of Φ = 1− φ
Fgh = PgigRg(Φh)− Φh⊗g. (0.14)
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After introducing the the metric, we can get the Lagrangian for the theory.
For the Z2 case, we can define the metric as
< χ, χ >= η, < χ⊗ χ, χ⊗ χ >= η2 (0.15)
then
L = − < F, F >= −η2(ΦΦ† − 1)2. (0.16)
This is of Higgs potential type up to some coupling constants. To get the entire
Lagrangian of the Higgs, we need to consider the space-time part. For detail it is
referred to [1, 5].
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